In the presence of both direct and indirect unitarity violation in the lepton mixing matrix, we derive a complete set of series expansion formulas for neutrino oscillation probabilities in matter of constant density.
I. INTRODUCTION
The standard three-flavor paradigm of neutrino mixing has been solidly established by the solar, atmospheric, reactor and accelerator neutrino experiments [1] . However, the anomalies from the LSND [2] , MiniBooNE [3] , reactor antineutrino [4] and Gallium radioactive source [5] experiments as well as the analysis of current cosmological observations [6] have provided interesting hints that the three-flavor framework may be incomplete and there may exist additional light sterile neutrinos [7, 8] . From the theoretical point of view, sterile neutrinos are regarded as natural ingredients of different types of seesaw models [9] as well as warm dark matter candidates [10] . Nevertheless, the number of sterile neutrino species, the neutrino mass scale as well as the patten of active-sterile mixing are all currently unknown, which consistent one of the most important tasks for future precision neutrino experiments.
The mixing of three active neutrinos ν e , ν µ and ν τ with the possible existing sterile ones could result in unitarity violation (UV) [11] [12] [13] [14] [15] of the 3 × 3 Maki-Nakagawa-Sakata-Pontecorvo (MNSP) lepton mixing matrix [16] , where the sterile neutrinos can be either heavy or light. We call the former case indirect unitarity violation (IUV) and the latter direct unitarity violation (DUV) [11] .
These two kinds of unitarity violation may have distinct effects in neutrino oscillation experiments, where the reason is that heavy 1 massive sterile neutrinos are kinematically forbidden in the neutrino production and detection processes of low energy neutrino experiments, while light sterile neutrinos are able to participate in neutrino oscillations as their active partners. The purpose of this paper is to derive a complete set of approximate analytical formulas for neutrino oscillation probabilities in matter in the presence of both the light and the heavy sterile neutrinos. The different effects of the DUV and the IUV on neutrino oscillation experiments are particularly emphasized. A complete numerical calculation of these probabilities is also presented to make a comparative study. This paper is organized as follows. In Sec. II, we briefly introduce the general framework of the (3+½+2) scenario, which is essential for studying the UV effects. The different effects of the DUV and the IUV are discussed. In Sec. III, we present the series expansion formulas for the neutrino oscillation probabilities in matter of constant density up to the first order in both the mass hierarchy parameter α ≡ ∆m 2 21 /∆m 2 31 and those UV parameters s 2 ij (for i = 1, 2, 3, and j = 4, 5, 6) . The corresponding probabilities in vacuum up to the same order are also presented.
1 Our definition of "heavy" sterile neutrinos assumes that they cannot be produced via the weak interaction process as a result of energy conservation. Therefore, the minimal masses of the heavy neutrinos are process dependent. For illustration, in the on-shell W + decay, W + → l + + ν l , the maximal mass of neutrinos which can be produced is m Section IV is attributed to the numerical calculations. We show in this section the qualitative behaviors of neutrino oscillation probabilities, and test the accuracy of these analytical formulas.
Finally, we summarise in Sec. V, and the details of the perturbative expansion of the neutrino oscillation probabilities in the case of UV are given in the appendices.
II. GENERAL FRAMEWORK IN THE PRESENCE OF UNITARITY VIOLATION
In this paper, we consider the (3+½+2) scenario with three additional species of sterile neutrinos, of which one is the light sterile neutrino and the other two are heavy sterile ones 2 , and discuss the possibility of determining both the DUV and the IUV parameters in neutrino oscillation experiments.
A. Parametrization of the Lepton Mixing Matrix
In the (3+½+2) scenario, the full picture of neutrino mixing are described by a 6 × 6 unitary matrix U , which can be decomposed as [17, 18] 
where V 0 and U 0 are unitary matrices while A, B, R and S are not unitary, 0 and 1 stand for the zero and identity matrices respectively. All of them are 3 × 3 matricies. The explicit expressions of these matrices can be found in Ref. [17] . The full 6 × 6 unitary mixing matrix U is parameterized by altogether 15 mixing angles and 15 CP-violating phases (including the Majorana phases).
In the presence of three additional sterile neutrinos, the Lagrangian of the standard weak charged-current interaction should be written as
where ν 4 is the mass eigenstate of the light sterile neutrino and ν 5 , ν 6 are mass eigenstates of the two heavy sterile neutrinos. V ≡ AV 0 is just the MNSP matrix, which is in general non-unitary in this scenario. Equation (2) indicates that the sterile neutrinos can participate in the chargedcurrent interaction through their mixing with the active ones (which is described by the mixing 2 Current cosmological observations favor at most one species of light sterile neutrinos [6] .
matrix R) and therefore result in low energy signals of the UV. The matrix V 0 in Eq. (1) can be parametrised using the standard parametrization as [1] 
To the order of s 2 ij (i = 1, 2, 3 and j = 4, 5, 6), A and R can be approximately written as [17] A 
Here s ij ≡ sin θ ij , c ij ≡ cos θ ij andŝ ij ≡ e iδ ij sin θ ij with θ ij and δ ij being the rotation and phase angles, respectively. We can find that there are altogether 9 additional mixing angles and 9 additional phases in R and A, which are relevant to the low energy experiments. These UV parameters can be divided into two groups:
• (θ 14 , θ 24 , θ 34 ) and (δ 14 , δ 24 δ 34 ) are parameters of the DUV describing the mixing between three active neutrinos and the light sterile neutrino. Since the light sterile neutrino can be produced and detected in the low energy experiments, these parameters will also appear in the neutrino oscillation probabilities as those standard mixing parameters.
• describe the mixing between three active neutrinos and the heavy sterile ones. The IUV affects the processes of neutrino production and detection, and therefore induce the "zerodistance" effects [19] in neutrino oscillations.
The analyses in Refs. [12, 13] show that leptonic and semileptonic decays are quite sensitive to the IUV of the leptonic mixing matrix. The strongest constraints come from the rare charged lepton decay experiments, which indicate that the combinations U U † αβ 1%, with α, β = e, µ, τ , should be satisfied 3 . On the other hand, the DUV parameters can be revealed in the very-short-baseline neutrino oscillation experiments. The global analysis of current results of the short-baseline neutrino experiments points towards the eV scale light sterile neutrino(s) with active-sterile mixing parameters |U α4 | 2 (α = e, µ, τ ) of a few percent [8] . In this paper, we simply take all the activesterile mixing angles θ ij (i = 1, 2, 3 and j = 4, 5, 6) as small parameters of the same order s.
B. Neutrino Oscillation in the Presence of Unitarity Violation
In this paper, we restrict us to the typical neutrino oscillation process ν α → ν β where both the production of ν α and the detection of ν β are via the charged-current interaction. Since in our proposed (3+½+2) scenario, there is only one light sterile neutrino that can participate in the neutrino oscillation together with the three active ones, only the elements in the 3 × 4 left-up sub-matrix U of the full 6 × 6 mixing matrix U are related to the neutrino oscillation probabilities:
In this case, the neutrino oscillation probability in vacuum should be written as [12, 20] P (
where ∆ ji ≡ ∆m 2 ji L/4E with ∆m 2 ji ≡ m 2 j − m 2 i being the neutrino mass-squared difference. Here the Greek letters α, β are the flavor indices e, µ, τ , while the Latin letters i, j are the indices of mass eigenstates. Note that the indices i, j run over only the light neutrinos (both the active and sterile ones) which can be kinematically produced in neutrino oscillation experiments, and
ensures that at the source we have
When neutrinos propagate through the Earth before reaching the detector, neutrinos may interact with electrons, protons and neutrons in the medium via the charged-current (CC) interactions or neutral-current (NC) interactions. The coherent forward scattering from the constituents of the Earth matter will modify the evolution behavior of neutrinos. For the propagation of neutrinos in matter, the Hamiltonian can be written in the basis of mass eigenstates in vacuum as
where
(n e and n n are the electron and neutron number densities, respectively) are the CC and the NC contributions to the neutrino matter potentials respectvely.
U is just the 3 × 4 non-unitary mixing matrix given in Eq. (6) .
Note that in Eq. (8), E is a 4 × 4 diagonal matrix because altogether four mass eigenstates ν 1 , ν 2 , ν 3 and ν 4 can be kinematically produced and therefore participate in the neutrino oscillation, whileĀ is a 3 × 3 matrix since only three active left-handed neutrinos ν e , ν µ and ν τ are involved in the CC or the NC interactions. The Hamiltonian in Eq. (8) holds for neutrinos, whereas one has to perform the replacements U → U * , V CC → −V CC and V N C → −V N C for antineutrinos.
In the case of matter of constant density, the Hermitian matrixH can be diagonalized by a unitary transformationH = XẼX † , whereẼ ≡ diag Ẽ 1 ,Ẽ 2 ,Ẽ 3 ,Ẽ 4 is the effective energy matrix in matter and X is a 4 × 4 unitary matrix. It can be inferred that the matrixŨ ≡ U X * , which is also a 3 × 4 non-unitary matrix, can be regarded as the effective leptonic mixing matrix in matter. Therefore, we can write down the neutrino oscillation probabilities in matter as
is the effective neutrino masssquared difference in matter.
One can find from Eqs. (7) and (9), the UV in the MNSP matrix may result in three kinds of different effects on the neutrino oscillation probabilities summarised as follows.
• The IUV can affect the neutrino production and detection, and then generate the "zerodistance" effect [19] , i.e., at L = 0 it follows that
where U is the 3 × 4 matrix in Eq. (6) . It means the flavor transition already took place at the source before the oscillation begins, with very tiny transition probability of the order s 4 .
It is worth to mention that the "zero-distance" effect is irrelevant to the DUV, which means this effect would not be observed if there exists only the light sterile neutrinos.
• The existence of light sterile neutrinos will introduce both additional CP-conserving and CPviolating oscillatory terms in neutrino oscillation probabilities. Their oscillation amplitudes are of the order s 2 and the frequencies are proportional to the newly introduced mass-squared differences. The oscillatory behaviors of these new frequencies may be observed at very-short baseline neutrino oscillation experiments [7] .
• In the propagation, both the DUV and the IUV can modify the amplitudes of the standard oscillatory terms as well as affect the matter effects. Moreover, for the neutrino beams with relative hight energies, the non-unitary effects may be largely enhanced by the neutrinomatter interactions [21] .
Although by using Eqs. (7) - (9), the oscillation probabilities can be numerically calculated with any required accuracy, the analytical approximate formulas can be useful in showing the UV effects in a more transparent way. In the next two sections, we are going to discuss both the analytical expansions and numerical calculations of the neutrino oscillation probabilities in the case of UV.
Indeed, there are several previous publications discussing the hybrid scenarios with both light and heavy sterile neutrinos [22, 23] , however, our study is different because the present work presents the long-baseline neutrino oscillation behaviors in the presence of Earth matter effects, while the previous ones focus on the property of short baseline neutrino oscillations and the explanation of experimental anomalies. For the first time, we derive a complete set of series expansion formulas for neutrino oscillation probabilities in matter of constant density in the presence of both light and heavy sterile neutrinos. Formulas for the (3+½+2) scenario can be easily generalized to scenarios with arbitrary numbers of light and heavy sterile neutrinos. Note that sterile neutrino induced CP violation may have significant observable effects in current and future long-baseline neutrino experiments (e.g., T2K [24, 25] , DUNE [26] ), which makes our derivations important and timely to understand these possible distinct phenomena in long-baseline experiments.
III. ANALYTICAL EXPANSIONS OF NEUTRINO OSCILLATION PROBABILITIES
In this section, we derive the series expansion formulas for neutrino oscillation probabilities in matter of constant density by using the perturbation theory. The formulas are expanded up to the first order of both the mass hierarchy parameter α ≡ ∆m 2 21 /∆m 2 31 and the UV parameters s 2 ij (i = 1, 2, 3 and j = 4, 5, 6). The details of the diagonalization of the HamiltonianH can be found in Appendix A, and the resulting approximate neutrino oscillation probabilities in matter are presented in Appendix B, whereP αβ ≡P (ν α → ν β ) is the transition probability from a neutrino flavor α to a neutrino flavor β in matter. Equations (B3) - (B8) ), the approximate neutrino oscillation probabilities can then be obtained as:
Here the expressions of R 12 , R 13 , R 23 , I 12 , I 13 , I 23 , R a , R b , R c , I a , T a and T c can be found in Eqs. (A2) and (A3). Due to the existence of UV (both the direct and the indirect), the "to all" transition probability of the α flavor to all active flavorsP (ν α → ν e,µ,τ ) ≡P αe +P αµ +P ατ (for α = e, µ, τ ) is not the unity: 
It is interesting to find that these summed probabilities are all independent of the NC potential V N C in these first-order expansions.
Up to the same order, the corresponding probabilities in vacuum P αβ and P (ν α → ν e,µ,τ ) in the case of UV are given for comparison: 
And 
The approximate oscillation probabilities in the standard three-flavor case can be easily obtained by switching off the active-sterile mixing (i.e., setting all θ ij = 0, where i = 1, 2, 3 and j = 4, 5, 6).
In this limit, our results are consistent with those obtained in Ref. [27] [28] [29] [30] [31] . 
IV. NUMERICAL CALCULATIONS AND DISCUSSION
In this section, we carried out the numerical calculations to discuss: i) the accuracy of above approximate formulas and ii) effects of the DUV and the IUV. Here matter of constant density 3 g/cm 3 is assumed and the electron fraction is assumed to be 0.5 [32] . case) [33] . For those UV parameters, values unless otherwise specified. The newly introduced mass-squared difference ∆m 2 41 is assumed to be 1.0 eV 2 , while the masses of two heavy sterile neutrinos are irrelevant to the calculations.
This particular choice of the UV parameters in our numerical illustration are motivated from two aspects. On the one hand, the anomalies in short baseline neutrino oscillation experiments suggest that there may exist one or more light sterile neutrinos with the active-sterile mixing of O(0.1) [7, 8] . On the other hand, the mixing of heavy sterile neutrinos with the light ones are strongly constrained by the electroweak precision data to be less than O(0.01) Refs. [12, 13] . As one can easily image, the larger the active-sterile mixing is, the more significant unitarity violation effects there would be. This is why in our (3+1+2) scenario, the DUV effects dominate over the IUV effects. (1) (4) (7)). The probabilities are averaged over a Gaussian energy resolution of 2%.
Taking the transition probabilityP eµ as an example, we illustrate in Fig. 1 the contour structures of this transition probability in the standard (3+0+0) scenario (top-left), and its corrections by different UV effects (i.e.,P UV eµ −P standard eµ ) in the (3+0+2) (bottom-left), (3+1+0) (top-right) and (3+1+2) (bottom-right) scenarios as functions of the neutrino energy E and the baseline length L. All the probabilities are calculated numerically without any approximations and are averaged over a Gaussian energy resolution of 2%. Figure 2 shows how the probabilityP eµ varies with the neutrino energy E at a fixed baseline L = 1000 km. We can find that the UV effects could modify the oscillation probabilities up to a few percentages while the oscillatory behaviors are not largely changed. These features can be understood with the help of Eqs. (14) and ( (11) - (16) as functions of the neutrino energy E and the baseline length L.
into account) which are all of the order of s 2 .
At the baseline L = 1000 km, different oscillatory behaviors of the neutrino and antineutrino channels in either the NH or the IH cases are illustrated in Fig. 3 . The distinct behaviors between the two kinds of mass hierarchies can be observed in the vicinity of the first oscillation maxima (at E ∼ 2 GeV), and the differences between the neutrino and the antineutrino channels are obvious at the second peaks (at E ∼ 0.5 GeV). This conclusion is true no matter if the unitarity is violated and what kind of UV it is. We study in Figs. 4 and 5 the dependence of the UV corrections to the oscillation probabilities on those UV parameters. Generally speaking, the larger the active-sterile mixing is, the more significant the UV effects would be. However, whether the oscillatory behaviors are slightly enhanced or depressed and the magnitude of the UV corrections depend on the actual active-sterile mixing patterns (the mixing angles as well as the phases).
The equationsP (ν α → ν e,µ,τ ) = 1 (for α = e, µ, τ ) always hold if there exists only three standard neutrinos and the 3 × 3 MNSP matrix is unitary. In the presence of UV, these summed probabilities may deviate from unity up to the order of s 2 . The larger the UV is, the more significant the deviation would be (see Fig. 8 ). Moreover, this deviation may be slightly enhanced at the region where the matter effects are important. We show in Fig. 6 the contours ofP (ν µ → ν e,µ,τ )
as functions of the neutrino energy E and baseline length L in the (3+0+0) (top-left), (3+0+2) (bottom-left), (3+1+0) (top-right) and (3+1+2) (bottom-right) scenarios respectively. In the DUV case (in the presence of light sterile neutrinos), we always haveP (ν µ → ν e,µ,τ ) ≤ 1. However in the IUV case (in the presence of only heavy sterile neutrinos)P (ν µ → ν e,µ,τ ) can be either smaller than 1 or slightly larger than 1. This can be easily understood by using Eqs. (17) - (19), where the suppression terms (1 − 2s 2 i4 ) dominate in the case of DUV. To see the intrinsic properties ofP (ν µ → ν e,µ,τ ) more clearly, we illustrate in Figs. 7 -9 the one-dimensional plots of this probability as functions of neutrino energy E at the fixed baseline of L = 1000 km. Different mass hierarchy scenarios are compared in Fig. 7 . One can find the curve of the NH case and that of the IH case are approximately horizontally-symmetric, since the hierarchy-asymmetric terms dominate the energy dependency as shown in Eqs. (17) - (19) . Suppose three masses of the active neutrinos are of the normal hierarchy, Fig. 9 shows the probabilities P (ν µ → ν e,µ,τ ) with different choices of the UV CP-violating phases. In comparison with Fig. 7, we can easily find that if the sign of ∆m 2 31 and the signs of all δ ij (for i = 1, 2, 3 and j = 4, 5, 6) flipped at the same time, the probabilitiesP (ν µ → ν e,µ,τ ) (for α = e, µ, τ ) would approximately have the same values. This results can also be easily inferred from Eqs. (26) - (28) .
Before finishing this section, we shall test the accuracy of our approximate analytical formulas in Eqs. (11) - (16) . We show in Fig. 10 the absolute errors (defined as the absolute differences between the analytical and the numerical calculations of the oscillation probabilities, i.e., P analytical αβ −P numerical αβ ) as functions of the neutrino energy E and the baseline length L. We can find from the figure that, in the region L/E ≪ 10 3 km/GeV, these analytical formulas are of good accuracy (with the absolute errors better than 0.01). Therefore, we conclude that the series expansions of the oscillation probabilities where the UV effects have been taken into account are useful for understanding of the physics of future long-baseline neutrino oscillation experiments, which might be sensitive to the UV effects.
V. CONCLUSION
The purpose of this paper is to derive the approximate analytical formulas for neutrino oscillation probabilities in matter of constant density in the presence of the direct and the indirect unitarity violation. The probabilities are expanded in both the mass hierarchy parameter α ≡ ∆m 2 21 /∆m 2 31 and the small active-sterile mixing parameters s 2 ij (for i = 1, 2, 3 and j = 4, 5, 6). We have showed that both the charged-current and the neutral-current interactions are non-trivial in the presence of UV. Equations (11) - (19) constitute the main analytical conclusions of this paper. We have discussed the important properties of the oscillation probabilities by comparing among scenarios of different mass hierarchies, different mixing patterns and different CP-violating phases. The accuracy of these analytical expressions in different regions of the neutrino energy E and the baseline length L are also studied to identify the valid region for realistic applications. Our numerical calculations show that, for most of practical long-baseline accelerator experiments, these analytical formulas are very good approximations. In particular, we have discussed the deviations of the "to all" probabilitiesP (ν α → ν e,µ,τ ) from the unity, which provides a definite signal of the UV. We find that the behaviors of these summed probabilities are quite different in the case of DUV or IUV. However there is an approximate degeneracy if the signs of ∆m 2 31 and all the UV CP-violating phases flipped at the same time. In the presence of UV, the deviations can be enhanced by the matter effects, where only the charged-current interaction is relevant.
As the measurements of neutrino oscillations enter the precision era, testing the standard threeneutrino paradigm becomes a potential probe for new physics beyond the standard neutrino oscillation framework. It is desirable to present a sophisticated study for the test of the UV in future long-baseline accelerator neutrino experiments or the Neutrino Factory. The analytical expressions given in this paper could reveal the basic dependence of the neutrino oscillation probabilities on the DUV or the IUV parameters and help to facilitate the choice of the experimental setup as well as the analysis of the data.
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Appendix A: Diagonalization of the Hamiltonian in matter using the perturbation theory
In this appendix, we use the perturbation theory to diagonalize the 4 × 4 effective Hamiltoniañ H in matter of constant density by the unitary transformationH = XẼX † , where X is a 4 × 4 unitary matrix andẼ is diagonal. In the series expansion ofH, we regard α ≡ ∆m 2 21 /∆m 2 31 and 2, 3 and j = 4, 5, 6) as the small parameters of the same order s 2 , and perform the diagonalization to the first order of α and s 2 ij . In the appendices, we shall adopt the following abbreviations: 
In the basis of neutrino mass eigenstates in vacuum,H can be written as
and U is just the 3 × 4 non-unitary mixing matrix in vacuum. The matrixŨ , that describes the effective neutrino mixing in matter, can be expressed asŨ = U X * which is also a non-unitary 3 × 4 matrix.
We find that it is easier to perform the diagonalization ofH ′ ≡ U * 0H U T 0 , with
by doing the unitary transformationH ′ = X ′Ẽ X ′ † , and therefore the effective neutrino mixing matrix in matter is 
In this new basis, we can write down the series expansion of the Hamiltonian as
whereH ′ (0) andH ′ (1) can be found in Eq. (A8) and Eq (A9), respectively. For the eigenvalues and eigenvectors, we also write asẼ 2, 3, 4) , and the unitary matrix is defined as X ′ = (v 1 , v 2 , v 3 , v 4 ). 
H′ (0) can be easily diagonalized. The resulting eigenvalues and the eigenvectors ofH ′ (0) arẽ
where C ≡ 1 − 2A CC cos 2θ 13 , and
Furthermore, the first order corrections to the eigenvalues and eigenvectors are given bỹ (A14) and (A15), we can obtain the analytical expressions ofẼ
as well as the expression of X ′(1) 
Since the light sterile neutrino mass is supposed to be around the eV scale, we have safely omitted the terms proportional to s∆m 2 
A CC cos 2θ 
and the effective mixing matrixŨ in matter can then be calculated by Eq. (A6). Note that in this paper we do not order the eigenvalues ofH according to their magnitude and the mass spectrum, since the ordering does not change the neutrino oscillation probabilities.
Appendix B: Neutrino oscillation probabilities in matter
In terms of effective neutrino masses and mixing in matter, the neutrino oscillation probabilities in matterP (
ν β ) have the identical form as that in vacuum:
, and the lower sign is for the antineutrino oscillation probabilities. It should be noted that the mass indices i, j run over only the light neutrinos which can be kinematically produced in low energy neutrino oscillation experiments.
For the ∆m 2 31 -dominated accelerator neutrino oscillation experiments, oscillatory behaviors of the terms driven by ∆m 2 4i (for i = 1, 2, 3) are averaged out. In this case the oscillation probabilities can be approximately written as
By inserting the results obtained in Appendix A, we are able to write down the neutrino oscillation probabilitiesP αβ ≡P (ν α → ν β ) to the first order in both α ≡ ∆m 2 21 /∆m 2 31 and s 2 ij (for i = 1, 2, 3 and j = 4, 5, 6): 
+∆ 31 sin 2 2θ 13 −2αs 
The above analytical approximations become invalid at the relatively large values of L/E ν or for the ∆m 2 21 -dominated oscillation. Note that, one cannot obtain the vacuum oscillation probabilities 
Because of the existence of unitarity violation, the "to all" probabilitiesP (ν α → ν e,µ,τ ) ≡P αe + P αµ +P ατ for α = e, µ, τ are in generally not the unity, but displayed as P (ν e → ν e,µ,τ ) ≈ 1 − 2s 
where we have used the relationP
in matter of constant density. One can find that these summed probabilitiesP (ν α → ν e,µ,τ ) are all independent of the neutral-current potential V N C .
Considering the smallness of s 2 13 , one can make further simplifications for these oscillation probabilities. To the order of s 2 13 , we have
where 
If we neglect the double-suppressed terms O(s 2 13 α) or O(s 2 13 s 2 ij ) or O(s 4 13 ), the more concise approximate formulas for the neutrino oscillation probabilities in Eqs. (11) - (16) and Eqs. (17) - (19) can be obtained.
